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Analysis of liquid‑type proof mass 
under oscillating conditions
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Abstract 

In this study, the spring constant of an accelerometer with a liquid-type proof mass was analyzed. Unlike a general 
solid-type microelectromechanical system accelerometer, the Laplace pressure is considered a restoring force in the 
analyzed accelerometer. Using a base excitation mathematical model, the sensor output could be estimated for a 
specific spring constant. Although the estimated sensor output data fit well with the experimental results, the spring 
constant of the device could also be determined dynamically (for oscillations below 5 Hz). Moreover, the damping 
constants could be inferred depending on whether sandblasting treatment was performed. Finally, the effects of the 
oscillation, surface condition, and volume of liquid metal droplets on the spring constant were analyzed.
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Introduction
Accelerometers generally detect acceleration by the 
movement of the proof mass in the device [1]. Vari-
ous sensing mechanisms exist for detecting the location 
of a proof mass (e.g., capacitive [2–6], piezoresistive [7, 
8], resonant [9, 10], and optical [11, 12]). Many devices 
are fabricated using microelectromechanical system 
(MEMS) processes. Such accelerometers are com-
posed of solid spring-like structures and can suffer from 
mechanical fatigue with prolonged usage [13, 14]. To 
improve the fatigue characteristics of solid-type MEMS 
accelerometers, accelerometers utilizing the properties of 
liquid metals (LMs) (e.g., high conductivity, density, and 
surface tension) have been developed [15–17].

In our recent study, a capacitive-type two-axis accel-
erometer using an LM was developed [17]. Because 
the capacitive sensing mechanism involved a dielectric 
structure on the electrodes, surface modification was 

performed on the electrode layer. In terms of the mobil-
ity of LMs in a channel, surface modifications can effec-
tively improve the performance of the device. However, 
to design the device for this purpose, the spring constant 
should be analyzed and predicted for various situations.

In this study, the spring constant of an accelerometer 
using LM was analyzed. Using a base excitation math-
ematical model, the sensor output could be estimated 
for a specific spring constant. The spring constant was 
determined by dynamically matching the estimated val-
ues from the base excitation model and the experimental 
results. The damping constant was also determined using 
this method. Finally, the effects of the oscillation, surface 
condition, and volume of LM droplets on the spring con-
stant were analyzed.

Device configuration and sensing principle
The device comprised a sensing part, an aligner, a shield-
ing electrode (copper tape), and acrylic cases. The sens-
ing part included a sensing printed circuit board (PCB), 
pressure-sensitive adhesive (PSA) film, LM, and a PMMA 
guiding channel. The fabrication process of the device 
is shown in Fig.  1a. First, a PSA film used as a dielec-
tric layer was attached to a sensing PCB board. Subse-
quently, 8 μL of LM droplet was deposited on the PMMA 
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guiding channel and then covered with the PCB board. 
Next, the channel and PCB board were fixed using the 
aligner. The surfaces of the PSA film and PMMA channel 
were applied with and without sandblasting treatment 
to compare the mobility of the LM droplet in the device. 
Sandblasting conditions of 0.3 MPa for 10 s and 0.1 MPa 
for 3  s were applied to the PMMA and PSA, respec-
tively. The distance between the specimen and the noz-
zle of the sandblaster was approximately 7  cm. Because 
capacitance-type sensors are easily affected by parasitic 
capacitance, patterned copper tape was placed on the 
aligner and connected to a ground for shielding. Finally, 
the acrylic cases were covered on both sides and fastened 
with M3 bolts. Using a capacitance-to-digital converter 
chip (AD7147, Analog Devices), each sensing cell meas-
ured ~ 20 pF in capacitance at ~ 330  Hz. The output of 
the counter varied linearly from 0 to 65,536 (16 bits) as 
the capacitance changed from approximately 4 to 25 pF.

The position of the LM was measured based on the 
floating electrode concept. The configuration of the sens-
ing electrodes is shown in Fig. 1b; one set of the sensing 
part was paired with two cells (i.e., sensing and ground). 
Specifically, if the bottom cells are represented by G and 
S3, Cap.1 is the capacitance generated between the LM 
and G, and Cap.2 is the capacitance generated between 
the LM and S3. Cap.3 represents the capacitance between 
the two bottom electrodes (i.e., G and S3), which is 
constant. As the area of the LM covering the two cells 

widened, Cap.1 and Cap.2 increased. Therefore, the over-
all capacitance increased as well. As shown in Fig.  1d, 
two sets of electrodes were arranged in the x- and y-axis 
directions, separately. The acceleration of each axis was 
measured by the difference in capacitance at both sets of 
electrodes (e.g., Cx= CxR− CxL; Cy= CyU− CyD).

When acceleration was applied, the difference in the 
radius of curvature across the LM droplets increased. 
Subsequently, the LM generated a restoring force to the 
center, which functioned as a spring [17]. The mobility 
characteristics of the LM improved owing to the surface 
modification on the PMMA and PSA films. This phe-
nomenon was analyzed in terms of the damping effect 
(Fig. 2a).

Detailed information about the device developed in 
this study (e.g., characterization data and comparisons 
with other types of accelerometers) is provided in [17].

Determination of spring constant
Spring constant and characteristic area during oscillation
In a dynamic environment where an oscillation occurs, 
defining the acceleration at a specific location is difficult 
because the shape of the LM is not saturated. However, 
a sandblasting-treated device demonstrates an interest-
ing phenomenon, wherein the LM vibrates at a natural 
vibration.

The setup of the oscillating device is shown in Fig. 2b. 
The device was attached to the end of the linear stage 

Fig. 1  Configuration and sensing principle of the device. a The fabrication process of the device. b Configuration of the sensing electrode. c 
Cross-sectional view of AA′. Schematic diagram showing the relationship of each capacitance value (i.e., Cap.1, Cap.2, and Cap.3). d Capacitance 
variations according to acceleration in the x-direction
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(PS01-2380-R, LinMot). To observe the behavior of an 
oscillating LM droplet, the copper tape for shielding 
was removed, and the LM vibration was recorded as a 
video (Additional file  1: Movie S1). An analysis of the 
experimental data revealed that the vibration frequency 
was approximately 13  Hz (8 μL of LM) (Fig.  2c). To 
obtain the vibration frequency, the sensor output was 
measured using a high-pass filter to remove low-fre-
quency signals. Based on the vibration frequency, the 
characteristic area in a dynamic situation can be calcu-
lated. In the case of the fabricated device, the restoring 
force of the proof mass is the Laplace pressure. There-
fore, to obtain the spring constant, the pressure must 
be converted to force by multiplying it by the charac-
teristic area. Assuming that the damping effect almost 
converged to zero by sandblasting treatment, the natu-
ral frequency in the spring-mass system is expressed as 
follows:

where wn, k, and m represent the natural frequency, 
spring constant, and mass of the proof mass, respectively.

When wn was approximately 13 Hz, k was 0.018 N/m 
for 0.10810−3 kg of m. Therefore, the characteristic area 
in the dynamic situation was approximately 0.01  mm2, 
such that k was 0.018 N/m. Fitting can be performed by 
slightly adjusting the spring constant based on the spring 
constant for various situations (e.g., 5 Hz oscillation, high 
surface roughness, and a large volume of LM).

Base excitation model
To determine the spring and damping constants, the 
actual experimental result and the mathematical result 
obtained from the base excitation model were compared. 
The Laplace pressure generated from the LM droplet 
was described as springs. The detailed calculation of the 
Laplace pressure based on the location of the LM drop-
let is provided in [17]. Moreover, the increased mobil-
ity of the LM droplet in the sandblasting-treated device 
can be considered as a reduction in the damping effect. 
Furthermore, the base excitation mathematical model 
was used for validation (Fig. 2d). For specific spring and 
damping constants, the sensor output can be estimated 
using the mathematical model. When matching the esti-
mated values calculated by the base excitation model and 
the experimental results in dynamic situations, the spring 
and damping constants can be determined. The base 
excitation model equation is shown in (2).

where mLM, kLaplace, c, x, and y represent the mass of the 
LM droplet, spring constant induced by the Laplace pres-
sure difference, damping coefficient, absolute position 
of the LM droplet, and absolute position of the base, 
respectively. The absolute position of the base with time 
can be expressed as (3).

where F0, w, and t represent the motion amplitude, fre-
quency of base, and time, respectively.

The result of the base excitation model is defined as 
x(t)y(t), which is the relative position of the LM droplet at 
the base. The experimental setup (Fig. 2b) was established 
such that the reciprocating motion was exactly y(t). The 
signals of the device were observed while the 0.03 m of 
stroke was reciprocated by two frequencies (i.e., 2 and 
5  Hz). The variables of the base excitation model were 
changed until the tendencies of the experimental result 
and the base excitation model were similar.

(1)wn =

√

k
/

m,

(2)mLMẍ + c
(

ẋ − ẏ
)

+ kLaplace
(

x − y
)

= 0,

(3)y(t) = F0 sin (wt),

Fig. 2  a Consideration of the Laplace pressure and sandblasting 
treatment as a spring and for reducing the damping effect, 
respectively. b Setup for oscillating the device. c Experimental result: 
13 Hz of natural vibration frequency with a sandblasting-treated 
device (with a small damping) (8 μL of LM, oscillation frequency: 
2 Hz). d Application of the device to the base excitation model. e 
Mathematical result from the base excitation model
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To verify the effect of the LM droplet size, 8 and 12 μL 
LM droplets were used for each test. F0 was determined 
as 0.03 m in stroke length, and the LM droplet remained 
at the edge of the channel for a moment by inertia when 
acceleration was applied. At this moment, the distance 
from the center of the channel to the center of the LM 
droplet was defined as the initial position. In addition, 
because the initial velocity differed according to the oscil-
lating frequency, the velocity of the LM droplet was esti-
mated according to the frequency ratio (i.e., 0.02 m/s at 
2 Hz of w, and 0.05 m/s at 5 Hz of w). The damping con-
stant was determined by matching the experimental data 
with the mathematical model calculation results. The 
parameters of the base excitation model were determined 
and are listed in Table 1.

As shown in Fig. 2e, for the oscillation of an 8 μL drop-
let at 2  Hz, the results from the base excitation model 
were similar to the experimental results (Fig.  2c). A 

comparison of the results from the experiment and the 
base excitation model is shown in Fig.  3. Most of the 
results indicated similar tendencies; the vibration of the 
LM droplet reduced, and the amplitude reduced when 
sandblasting was not performed (the damping effect). 
When the sandblasting-treated device was oscillating at 
5 Hz, the LM’s vibration was not suppressed as the damp-
ing effect was absent. Therefore, the vibration of the LM 
droplet was canceled but superimposed on the move-
ment of the LM droplet. Consequently, the peak exhib-
ited a random motion. A similar graph can be obtained 
from the mathematical model results.

Reduction of spring constant
In our previous study [17], the characteristic area in a 
static situation was determined based on a mathemati-
cal model and a tilting experiment. The results showed 
that the characteristic area in a static situation with an 8 

Table 1  Parameters of the base excitation model determined according to the experimental conditions

With sandblasting Without sandblasting With sandblasting Without 
sandblasting

V (μL) 8 12

mLM (kg) 0.108 0.162

F0 (m) 0.03

w (Hz) 2 5 2 5 2 5 2 5

Initial position (m) 0.0001

Initial velocity (m/s) 0.02 0.05 0.02 0.05 0.02 0.05 0.02 0.05

kLaplace (N/m) 0.018 0.018 0.016 0.016 0.023 0.023 0.021 0.021

c (Ns/m) 0.00001 0.00001 0.0001 0.0001 0.00001 0.00001 0.0001 0.0001

Fig. 3  Comparison of results from the experiment and base excitation mathematical model (S.B.: Sandblasting)
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μL droplet was approximately 1 mm2. As can be inferred 
from “Spring constant and characteristic area during 
oscillation” section, the characteristic area (~ 0.1 mm2) in 
the dynamic situation was smaller than that in the static 
situation. The reduction in the characteristic area eventu-
ally resulted in a decrease in the spring constant. In this 
section, the variation in the spring constant is analyzed 
for various cases (i.e., oscillation, surface roughness, and 
volume of LM droplet).

Oscillation/dynamic situation
The characteristic area of an oscillation is less than that 
of a static situation (i.e., 1.0 and 0.1  mm2 for static and 
dynamic situations, respectively) because the time for 
stabilization is insufficient. For comparison, the behav-
ior of the LM in a static situation is shown in Fig.  4a. 
As the LM droplet traveled, it instantaneously stretched 
in the direction of movement, and the curvature differ-
ences (i.e., R1 and R2) at both its ends decreased (Fig. 4b). 
Consequently, the Laplace pressure difference decreased, 
and one might predict that the spring constant would 
decrease in a dynamic environment.

Surface roughness
The spring constant of a device with sandblasting treat-
ment is larger than that without sandblasting treat-
ment. The sandblasting treatment increased the surface 
roughness. In the sandblasting-treated device, the mov-
ing resistance of the LM droplet decreased on the upper 
and lower walls owing to the high surface roughness. On 
a surface without sandblasting treatment, the LM drop-
let exhibited better adhesion to the surface, and the LM 
stretched as it moved within the channel. Therefore, the 
curvature differences across the LM droplet on the sur-
face without sandblasting treatment were smaller than 
those with sandblasting treatment, causing the spring 
constant to decrease (Fig. 4c). As shown in Fig. 3, when 
the device without sandblasting treatment was oscillating 
at 5  Hz, although the damping constant increased, the 
output was larger, which supported the prediction that 
the device without sandblasting treatment reduced the 
spring constant.

Effect of LM droplet volume
As shown in Table  1, the spring constant increases 
slightly with LM volume. The same results were 
obtained from the mathematical model in [17] (Fig. 5a). 
As the LM volume increased, the curvature differ-
ence between both ends increased as the LM moved. 
Although the spring constant increased, the sensitivity 
of the device increased, as shown in the experimental 
result (Fig. 5b). Based on the results, it can be predicted 
that the effect of mass is more dominant than the incre-
ment in the spring constant. In Fig.  5a, R3 represents 
the horizontal curvature radius of the LM (radius of 

Fig. 4  a Behavior of the LM in a static situation. Analysis of the spring 
constant decrement in b a dynamic situation and c with a high 
surface roughness of the channel and dielectric layer. d Effect of large 
volume on the behavior of the LM with acceleration

Fig. 5  Effect of the LM volume on the a spring constant and b 
sensitivity
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LM from the top view). Therefore, an increment in R3 
means an increment in LM volume.

Previous results indicated that an increment in vol-
ume improved the sensitivity. However, the volume 
should be optimized depending on the velocity range. If 
the LM volume is increased excessively, then the unsta-
ble behavior of the LM will increase in dynamic con-
ditions. The instability of the LM can be explained by 
the Weber number (We), which defines the ratio of the 
kinetic energy to the surface energy, as in (4).

where σ, ρ, L, and U represent the droplet’s surface ten-
sion, density, characteristic length, and velocity, respec-
tively. In this study, L and U are related to the LM volume 
and moving frequency, respectively.

If the effect of the inertia force versus the surface ten-
sion becomes large (We ↑), then the LM droplet cannot 
maintain its shape and hence exhibits various unex-
pected motions (e.g., oscillation–deformation, break 
up, etc.) [18]. These phenomena complicate the design 
of the accelerometer (Fig. 4d).

The volume and velocity of the LM affected the stabil-
ity of our device. A large LM volume can increase sen-
sitivity in low speed ranges but increases instability in 
high speed ranges. Therefore, an optimized volume that 
matches with the moving frequency (velocity) of the 
application is crucial.

Conclusion
In this paper, the spring constant in an accelerom-
eter using a liquid-type proof mass was analyzed. The 
Laplace pressure induced a restoring force from a guid-
ing channel and a LM droplet. In other words, the 
Laplace pressure can be considered as a spring in the 
device. In addition, sandblasting treatment was con-
sidered to reduce the damping effect. The outputs of 
the device were estimated using the base excitation 
mathematical model. In a dynamic situation, through 
an interesting phenomenon where the LM droplet 
vibrated at a natural vibration in a sandblasting-treated 
device, the characteristic area was determined. By 
matching the estimated outputs from the base excita-
tion model and the oscillation experimental results, the 
spring and damping constants of the device were deter-
mined in a dynamic situation (for oscillations below 
5 Hz). The change in the spring constant of the device 
in a dynamic situation and the effects of high surface 
roughness were analyzed. Finally, the effect of the LM 
droplet volume on the spring constant and device sen-
sitivity was analyzed.

(4)We = ρLU2/σ ,
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